X 



PUPT-1348 
hep-th/921UT05 



October, 1992 



Q^ ■ INFINITE SYMMETRY AND WARD IDENTITIES 



IN TWO-DIMENSIONAL STRING THEORY t 



o 

0^ 



;> : IGOR R. KLEBANOV and ANDREA PASQUINUCCI 

^^ . 

Q ■ Joseph Henry Laboratories, Department of Physics, 

Princeton University, Princeton, NJ 08544, USA 
(N 

:a 

Oh: 



ABSTRACT 



H ' We review some of the recent progress in the continuum formulation of two-dimensional 

string theory, i.e. two-dimensional quantum gravity coupled to c = 1 matter. Special 
attention is devoted to the discrete states and to the Woo algebra they generate. To 
demonstrate the power of the infinite symmetry, we use the Woo Ward identities to derive 
recursion relations among certain classes of correlation functions, which allow to calculate 
them exactly. 



' Lectures delivered by I.R. Klebanov at the Workshop "String Quantum Gravity and Physics 
at the Planck Energy Scale", Erice, June 21-28, 1992, and at the 1992 Trieste Summer School 
of Theoretical Physics. 



Introduction 

The field of two-dimensional quantum gravity has experienced remarkable progress in 
recent years. Application of matrix model techniques has led to exact solutions of vari- 
ous c < 1 conformal field theories coupled to gravity. ^'^'^'^'^ Since string theory in the 
first-quantized formulation reduces to 2-d quantum gravity, these low-dimensional models 
should provide us with new insights into "stringy" phenomena. In particular, the c = 1 
model corresponds to bosonic strings in two dimensions, the extra dimension originating 
from the world sheet conformal factor. ^ 

We have learned that, after coupling to 2-d gravity, theories simplify considerably and 
become fully integrable. A good understanding of this exact integrability is still missing. 
With this goal in mind, it is important to develop the continuum path integral formulation 
of 2-d gravity, ^'^ which so far has lagged behind the matrix models in its power. In these 
notes we will focus on the c = 1 model, i.e. quantum gravity coupled to one scalar field. ^'^ 
This model is the richest among those exactly solved, and is also one of the simplest. Since 
there are several reviews documenting the recent progress in the c = 1 matrix models, ^'^^ 
we will discuss only the continuum formulation where some new insights have recently 
been obtained. 

After reviewing the basics of the continuum path integral approach, we will proceed 
to the derivation of the t^oo symmetry structure. ii'i2,i3 j^ similar Woo symmetry has also 
appeared in the matrix model approach, ^^ but a precise connection between the two is 
still missing. We will review the construction of the ground ring operators, ^^ and of the 
t^oo currents. As an explicit application of the symmetries, we will use the Ward identities 
to calculate a large class of correlation functions. ^^'^^ 

1. Continuum description of 2D quantum gravity coupled to c=l matter 



In this section we give a brief review of the continuum formulation of 2-dimensional string 
theory. We start by recalling the path integral approach to non-critical string theory in 
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D = c+ 1 dimensions, and then apply it to the c = 1 case. 

1.1 Non-critical string theory in c dimensions 

In the Polyakov ^ approach, first-quantized strings propagating in R'^ are described as a 
theory of c free bosons coupled to 2-d quantum gravity. In other words, we begin with the 
path integral for 2-d quantum gravity coupled to c scalar fields X^{a) ^ 



2 = --^/[^^-(^)]®n[^^^(^ 



g-7(g^.,X^) 



j=l 



Vol (Diff ) 
/((7^.,X0 = ^ j (fa^[g^''d^X^d,X^ + \) . (1.1) 

Renewed interest in this problem was stimulated in part by the remarkable progress of the 
discretized (matrix model) approach, where Z was calculated for c < 1. ^~^ To study the 
problem in the continuum approach, it is convenient to choose the conformal gauge ^ 

9fiu{(^) = e Qfiui^^.r) (1.2) 

where g^uicr , r) is a family of reference metrics parametrized by the moduli space. Classi- 
cally the Liouville field (picr) is non-dynamical, but in the quantum case there is a contri- 
bution from the path integral measure which gives rise to the kinetic term for it.^ ^ After 
gauge fixing, the integration measure becomes 

[Dg] ® [DX']^ = [D{DiG)] ® [dr] ® [D(P]g ® [DbDc\g ® [DX']^e-^^^'^'''^ (1.3) 

where b and c are the ghosts, and / is the standard ghost action, [dr] is the measure for 
integration over the moduli which will not interest us since eventually we will focus on the 
genus zero case. 

Under a Weyl rescaling g -^ e'^g, the matter and ghost actions are invariant, whereas 
the measures change according to 

[DX]^^g(g)[DbDc\^^g = e('i^)^^^'^^<^'^[DX]g(g)[DbDc]g (1.4) 



^ This partition function can be seen as a sum over random surfaces (2D geometries) embedded 
in c dimensions. 

The interested reader is referred to the original literature ^'^'^'^^ for a more detailed derivation 
of the following results. For a review, see Ref. 19. 



and the Liouville action is given by 

Sd^^g) = j (fa^{\g^^d^^d^^ + R^ + iie^) . (1.5) 

Since we have to integrate over (/>, we would Uke to change from the measure defined with 
the field-dependent metric g, to that defined with the fiducial metric g. While the trans- 
formation of the matter and ghost measures is simply given by Eq. (1.4), the treatment 
of [Dcj)] is more subtle. According to a conjecture of David, Distler and Kawai, ^ later 
confirmed in Ref. 18, the Jacobian for the change of measure from [Dcf)] to [-D</>]a is given 
by the exponential of a renormalizable local action consistent with the general coordinate 
invariance of the underlying theory. Thus, the partition function on the sphere becomes 

Z= j [D(i)\^®[DhDc]^®\\[DX'].^e-^'^3,x,^)-i{g,b,c) ^-^^-^ 

I'{g, X,cP) = ^ j (fa^g [r"" [d^X'd^X' + d^cj^d^cf) - QR4> + Ae°<^ . 

where the coefficients Q and a are to be fixed by quantum Weyl invariance with respect 
to g, which is the remnant of the general covariance in the conformal gauge. We can now 
view this as a sigma model for ordinary string theory in fiat D = c + 1 dimensions with a 
dilaton condensate $ = ~Q(j), and a "tachyon" condensate T = Ae°"^. 

To fix Q and a, one uses the requirement of cancellation of the conformal anomaly 
and the fact that a physical operator must have dimension (1, 1). First setting A = 0, the 
chiral stress-energy tensor is 

Tjf'^) = _i(a^xO^-i(a,</>)2-iQa> 

T^l^-^ = -2b,,d,c' + c'd,b,,. (1.7) 

The Fourier components L„ = ^^ § dz z'^^^Tzz ' form the Virasoro algebra 

c + 1 -|- 3Q^ 
[Lri,Lm] = {n-m)Lr,+m^ T" n(n^ - 1) 5^+^,0 • (1-8) 

To cancel the ghost contribution to the conformal anomaly one must set c+l+3Q^—26 = 0, 
i.e. 

Q = y^. (1.9) 

Further, by requiring e"*^ to be a dimension (1, 1) perturbation, one finds ^ 

a = y= (V25 - c - VT^) . (1.10) 

2v3 

For c > 1 we find the problem of complex a, which is indicative of the tachyonic nature of 
the string theory. Instead, we will set c to its critical value c = 1. 



1.2 2D QUANTUM GRAVITY COUPLED TO C = 1 MATTER 

Applying the previous formalism, we obtain Q = 2v^, a = —\pl. The 2-d quantum 
gravity coupled to c = 1 matter can be viewed as a string theory in flat D = c + 1 = 2 
dimensions with a dilaton condensate and a tachyon condensate (if A 7^ 0). This is the 
highest number of dimensions where bosonic strings are tachyon-free. We will see that 
the would-be tachyon of D > 2 theory is exactly massless for D = 2. The reader may be 
surprised by the lack of Poincare invariance, since the two spacetime coordinates (X, (f)) 
appear on a different footing. "^ Surprisingly, the theory instead possesses an inflnite hidden 
symmetry. The main purpose of these notes is to make this infinite symmetry explicit. 

Let us start by looking for the simplest physical states in this theory. We know that 
a physical state l-i/;) must satisfy 

L^IV') = XnlV') =0 forn>0 

Lol^) = XolV) = 1 • 1^) . (1.11) 

The physical states are defined modulo pure gauge states, which are the Virasoro descen- 
dants. The simplest physical states are those with no oscillator excitations, characterizing 
motion of a string in its ground state, 

|p,e) = e^P^+^'^(0)|0) . (1.12) 

They satisfy L„|p, e) = L„|p, e) = 0, n > 0, and 

LoIp, e) = LoIp, e) = [ip^ _ ie(e + 2^2)] |p, e) . (1.13) 

Then the on-shell conditions Eqs. (1.11) imply p^ — t{t + 2\/2) = 2 or, defining E = e + \/2, 

p'^ -E^ = . (1.14) 

This is a massless dispersion relation. In other words, the "tachyon" is massless in two 
dimensions, in accordance with the usual formula m^ = (2 — D)/12. The solution of the 



'^ The lack of translation invariance was also found in the matrix model formulation of 2-d 
gravity coupled to c = 1 matter. ■^° 



dispersion relation is e = — \/2 + Xp, where X = ±1 is the chirahty. The associated tachyon 
vertex operators are 



Tx{p) 



S'a\/ge 



ipX+{Xp-V2)4> 



d^(r\/^9st{(t))e 



ipX+Xp<t> 



(1.15) 



The factor e ^'^'^ = gsti(p) is the position-dependent string couphng constant. '^ Setting 
p = we find again a = —a/2. The operator e~^'^'f' is beheved to be exactly marginal. 
We will be interested in the correlation functions of tachyons (on the sphere) 



N 



iU^xM)) ■ 



(1.16) 



1=1 



Since the theory is translationally invariant in X, the correlator is no n- vanishing only if 
Yli Pi ~ 0- On the other hand, e is not conserved. There is, however, a class of correlation 
functions where the integrand does not depend on the zero mode (po of (p in the A ^ 
limit. The (po dependence of the integrand in Eq. (1.16) is then given by 



Exp 



^ei(po + ^ / d^(yV§QR(po 

.i=l "^ 



Exp 



TV 



^e, + 2v^Uo 



,i=l 



(1.17) 



We will focus on the correlators which satisfy the sum rule 



N 
i=l 



-2^2 



(1.18) 



analogous to energy conservation. These correlators are sometimes called resonant because 
they are enhanced by the volume of (/)o. '^ Defining X = Xq + X where Xq is the zero 
mode of X, and similarly for (p, we can explicitly perform the zero-mode integrals. Then 
the resonant correlators become 21,22 



N 



N 



([[TxM)) = ^\l0gA\6{J2p^)A{X^,P^ 



(1.19) 



i=l 



i=l 



"^ We may formally continue to Minkowski signature by sending (p ^ it and interpreting t as 
the time. In such a theory, T;^ correspond to the ordinary plane waves. The unusual feature 



is that the string coupling gst{t) = e 



i^t ■ 



is complex and oscillatory. 



Note that in the 
constraint. 



it continued theory, Eq. (1-18) is enforced by a delta-function 



where 
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SiX,^) = ^jd^a^(d^Xd^X + dJd^^^ . (1.20) 

The amphtudes A{Xi,Pi) are sometimes caUed the ''Shifted Virasoro-Shapiro" amph- 
tudes. 2^'22 Since they are formulated in terms of free fields X , (j), they can be written 
down explicitly and checked to be SL(2, C) invariant. After fixing the positions of three 
vertex operators, we find 

„ Af-3 

1=1 i<j 

where fi ■ fj = piPj - eiej (and e^ = - ^2 + XiPi). 

These amplitudes exhibit a remarkable structure. They do not vanish only if there is 
exactly one particle with X = —1 (or with X = +!)• ^^'^^'^"^ Then one finds 

aVJ_(pi,...,p^,p^+i) = (]^3^n r(v/2p.) ^'-''^ 

for amplitudes of type (A^, 1), i.e. for N particles with X = +1 and one particle with 
X = —1. The sum rules X^iP* — and ^^ e^ = —2\p2 fix, in this case, the value of Pat+i. 
Indeed, we have 

AT 

Y^p, = -p^+1 = ^(A-1). (1.23) 

i=l 

The amplitudes of type (1, N) are obtained from Eq. (1.22) by a parity flip. 

1.3 The appearance of the "Discrete States" 

The surprising feature of the amplitudes Eq. (1.22) is the presence of poles at pi = nj \/2 
for each X = 1 external leg. The infinite sequence of poles is related to the existence of 
operators other than the "tachyons" . ^ Indeed, consider the four-point function of type 
(3, 1), where p^ = — v2 is fixed by the sum rules. The poles result from the integration 



These states were first found in the matrix model formulation of 2-d quantum gravity. 
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over the coordinates of T_ (^4) near one of the other vertex operators. Consider the region 
where T_(p4) approaches T+(pi). Let us examine the origin of the first pole which occurs 
at pi = 1/a/2. The relevant operator product expansion (o.p.e.) is 



X- 1 



Pi 



i= : T_(-v^) . T^{^) = e-^v^^(.,.-)-eV2^-V2^0) 



V2 ■ "- ^ > " + ^v^ 



l.e-V^'^-v^^O) = ^T.{-^). (1.24) 



2^ ^^^ U|2 V ^J 



\zr \z 



After integrating over z, we find a divergence due to the appearance of the on-shell 
"tachyon" T_( — -7=) in the intermediate channel. This only explains the origin of the 
first pole in pi, however. Can an infinite sequence of Regge poles occur in a theory of a 
single scalar field? The answer is obviously negative. Indeed, repeating the calculation 
for pi = a/2, we find that the operator appearing in the intermediate channel contains 
oscillator excitations, 

Pi = V2 : e-*^^(z,z) -6*^^(0) ~ -r^dXdX . (1.25) 

dXdX is a new operator called the ^^dilaton" , which can easily be checked to satisfy the 
Virasoro conditions. In fact, at each subsequent pole we find a new physical operator. The 
main feature of all these operators is that they are physical only at special values of the 
momenta and do not give rise to propagating states. 

Let us look for such ^^discrete" states more systematically by constructing physical 
states (which satisfy Eq. (1.11)) using the oscillators of the X and (p fields. Introducing 
the oscillators a^ and (3n through 

d,X = -z^a„^— 1, d,<P = -iY.PnZ-''-' (1.26) 

n n 

we define 

a^ = {i(3^,ar,) , r = (e,p) , Q^ = (Q,0) . (1.27) 

The Virasoro generators take the form 

k 



where [a^,a^ = nSn+m,oV^'^j Viiu = diag(— 1, 1) and the indices are raised and lowered 
with the Tj metric. 

We have aheady seen that the "tachyons" are the physical states without any oscillator 
excitations. Consider now the states at level one, of the form 

IV') = e^.a^ia^il/) . (1.29) 

We simplify the discussion by considering only the chiral half of this state (relevant to the 
open string case) where 

\^l) = e^«^il/). (1.30) 

We can later construct closed-string states by setting e^i, = e^e^. ^ 
The Virasoro conditions, Eq. (1.11), now give 

{U + Q^)enf) = 0, {U + Q^)r = 0. (1.31) 

Notice also that the state f^a^^\f) (with polarization e^ = f^) is a pure gauge state, 

L-i\f). 

For a general /^, the unique solution of the Virasoro conditions is e^ ~ /^, which 
corresponds to the pure gauge state. This is in accord with the naive light-cone argument 
that there are no physical oscillator states in two-dimensional string theory. 
There are two exceptional momenta, however. 

• /^ = 0. Here the gauge symmetry becomes trivial, and the polarization e^ = (0, 1) 
gives rise to a non-trivial physical state, whose vertex operator is dXdX. 

• /^ = —Q^. In this case the constraints are trivially satisfied, and the polarization 
e^ = (0, 1) again gives a physical state. The corresponding operator is dXdXe~'^^'^'^. 

Notice that the new vertex operators are two different Liouville "dressings" of the pure 
matter primary field dXdX. 

Continuing this analysis to higher levels, one can construct a family of physical oper- 
ators ^^ which are matter [X) primary fields appropriately dressed by exponentials of the 
Liouville field (j). These operators are exhibited in section §3.1. It was proven in Refs. 25, 
26 that these are all the physical states not containing ghost excitations. However, there 
is also an infinite set of "ghostly" operators that turn out to play an important physical 
role in this theory. We will discuss them in the next section, after introducing the BRST 
formalism as a necessary tool. 



^ Obviously it is not guaranteed that this procedure exhausts all the possible physical closed- 
string states. We will see an example of this in section §3.2. 



2. Discrete states and the "Ground Ring" 

First we change our conventions rescaling ot so as to eliminate the factors \pl from our 
formulas. Setting a' = 4 (instead of a' = 2) one has (5 = 2, and the special states occur 
at momenta p = n/2. With these conventions {X{z, z)X(w, w)) = —2 log \z — typ, and the 
tachyon operators are given by 

T^{z,z) = e^'^'^+^^Hz.z) 

e± = -l±k (2.1) 

The sum rules for the resonant tachyon correlators become 

n n 

Y,h = 0, 5^e, = -2. (2.2) 

We will keep these conventions for the rest of the paper. 
2.1 "Discrete States" and the c = 1 primary fields 



As we concluded in section §2.3, some of the discrete states of the two-dimensional string 
theory are simply primary fields of the c = 1 CFT dressed by exponentials of the Liouville 
field. ^ To construct all such states, we review the structure of the c = 1 primary fields. 
First we consider the theory compactified at the self-dual radius R = 2, which is well 
known to have a chiral SU{2) current algebra generated by 

H^^z) = / ^ : e±'^("+^) : , Hsiz) = ((—dX{u + z). (2.3) 

/ 27rz J A-K 

The allowed values of the chiral momenta are p — ^/2, and the simplest primary fields are 
the SU{2) highest weight states 

i;j,j{z) = e'^^(^) (2.4) 



The presence of special discrete primary fields in the c = 1 CFT has been known for a long 



time. ^^ 



where J = 0, 1/2, 1,3/2, .... By repeatedly acting with the lowering operator if_, one 
builds up a spin-J SU{2) multiplet of primary fields '^j,rm tn G {J, J — 1, ■ ■ ■ , —J}, with 
conformal dimension A = J^ 



i^J,m{z) 



(J-m)!(2J)! 



1/2 r 



'^^ . -iX{z+u) . 

27rz ■ 



J- 



■m 



i^J,jiz) ■ (2.5) 



After performing the contractions and the contour integrals, i/^j^m become polynomials in 
the derivatives of X. 

Upon coupling to gravity, we dress the c = 1 primaries to obtain the physical operators 
with dimension one 

^%^iz) = [{J + m)\{J-m)\{2J)\f'ijj,m{z) : e^^^iz) : (2.6) 

where Cj = — 1 ± J, and the peculiar normalization is chosen to simplify the subsequent 
calculation of the operator algebra. It is easy to check that all the operators (2.6) satisfy 
the Virasoro conditions of the c = 26 (X, (/)) CFT. The fact that they are not pure gauge 
is obvious, because the corresponding states have non-vanishing norms. 

An important property of the chiral vertex operators "^ j^ is that they form an inter- 
esting algebra under the O.P.E.^^'^^ 

n,.n,(^)n,^.(0) =•••+ ;('^i^2-J2m0n+..-i,^.+^.(0) + ••• ' (2-7) 

where we have shown the only physical operator appearing on the right-hand side. This is 
isomorphic to a wedge sub-algebra of Woo- Some of the consequences of this algebra will 
be explored in section §4. 

To construct the physical vertex operators of closed-string theory, it is necessary to 
combine the z and z sectors. Thus, at the self-dual radius we obtain a class of operators 
of the form '^j^{z) ■ \l/j^/(2), where a (not summed over) can be + or — . In fact, up to 
gauge equivalence, these are all the physical operators without ghost excitations. ^5,26 j^^ 
any radius of compactification we may construct combinations of the tachyon operators and 
of the "discrete primaries" appearing at the self-dual radius with their anti-holomorphic 
counterparts, that are permitted by the standard momentum restrictions. For example, 
in the uncompactified theory, in addition to the continuous spectrum of tachyons, we find 
the discrete states '^j^{z) ■ "^ j^{z), with \m\ < J. 
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2.2 BRST FORMALISM AND THE "GROUND RING" 

The structure of the discrete states' sector in the two-dimensional string theory is richer 
than what we have seen up to now because there are additional states with ghost excitations 
and non-trivial ghost numbers. Such states can be studied only in the framework of the 
BRST quantization. There an important role is played by the nihilpotent BRST charge ' 

Qbrst = ^^jdzc{z){T^''^^\z) + \T^'^^\z)) . (2.8) 

Physical states are given by the cohomology classes of the BRST charge at ghost number 
one. In other words, the physical operators are the ghost number one vertex operators 
which commute with Qbrst, modulo commutators of Qbrst with other operators. In 
the BRST formalism, the tachyon vertex operators are given by 

V^{z) = c{z)e'''^+^-^+^''^'^{z) (2.9) 

and the discrete vertex operators are 

y.tn^i^) = C{z)^i+,,JZ) . (2.10) 

Since these operators are non-trivial only at the discrete values of the momenta, it can be 
shown ^^ that each Y has a partner cohomology class of adjacent ghost number. 

Indeed, in the complete analysis of the BRST cohomology ^5,26,28 j^ ^^^g found that 
the YJ~^ have "partners" at ghost number zero, whereas the YJ~^ have "partners" at 
ghost number two. The ghost number zero operators, usually denoted by Oj^m, form the 
''Ground Ring" ^^ 

which is to be interpreted as a fusion rule in BRST cohomology (i.e. up to BRST commu- 
tators). Their explicit form is given by 

Oo,o = 1 

Ci,,i = {cb-^dX-^d(l))e^^-'^+'^^ (2.12) 



' For now, we are restricting ourselves to the chiral sector. 
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The latter two are the ring generators which determine the form of the entire ring via 
the fusion rules. One can think of the ring as a set of analogues of the identity operator, 
which occur at the discrete momenta. The presence of this ring, and other discrete states, 
endows the two-dimensional string theory with many special properties. 

Witten ^^ has found a geometrical interpretation of the Woo currents and of the ground 
ring. The first step is to note that the chiral ground ring can be interpreted as polynomial 
functions on a two dimensional plane with coordinates x = Oii,y = 0-i-_i, i.e. Oj^rn ~ 
^j+myj-m^ Next Witten studied the action of the chiral currents ^I/j^ on the chiral 
ground ring. He found ^^ that the "^j^ generate the area-preserving diffeomorphisms of 
the plane x — y {a, wedge sub-algebra ^^ of Woo)- '^ As an example, the first few \1/^ 
operators act on the ground ring as follows. 



J.m 



T+ 9 ^+ d 

^■5 dy 5'"^ ox 

T+ 9 ^+ d 



Ko - -J-^-y^.] ■ (2-13) 



dy ' dx 

d__ dj 
dx dy ^ 

Now we consider the complete set of cohomology classes of the chiral theory at the 
self-dual radius. The operators Oj^m and Y^^ actually make up only half of the BRST 
cohomology (also known as the relative cohomology). 25,26,28,13 'pj^jg follows from the ex- 
istence of the operator 

a = [QbrstA] = cd(t) + 2dc. (2.14) 

The operator (p is not a conformal field, but a is. This implies that in the usual space of 
conformal fields, a is not BRST trivial (but it is BRST invariant). Thus, by applying a 
to an operator, one gets a new BRST invariant vertex operator. Following Ref. 13, one 
defines 

aOj,m{0) = ^,<{dza{z)-Oj,^{0) (2.15) 

and similarly for oYJ~^. aOj^rn is a new operator of ghost number one, whereas ciY^^ has 
ghost number two. While Oj^m and YJ~^ are annihilated by bo = -^ § dz z b{z) (belong to 



The algebra w^o first appeared in the matrix model formulation of 2-d quantum gravity. 
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relative cohomology), aOj^rn and aYj~^ are not. Thus we find the foUowing cohomology 
classes labeled by the ghost number G, 

G = 0: Oj,^ 

G = 2: aY+^. (2.16) 

These states are known to exhaust the absolute BRST cohomology for Liouville energy 
e > —1. There are also their conjugate states with e < — 1 and ghost number 3 — G. 
Denoting the operator conjugate to YJ~^ by Vj^rm we find the complete list of cohomology 
classes with Liouville energy e < — 1, 

G = 2: Vj,^, aVj-^ 

G = 3: aVj,^ . (2.17) 



Consider now the two dimensional closed string theory. The closed string states are 
annihilated by the full BRST charge and satisfy the conditions {LQ—Lo)\tp) = {bo— bo) \tp) = 
0. ^ Witten and Zwiebach ^^ found that there exist states which satisfy the bo~bo condition 
but that are not annihilated separately by bo and bo- These states, which belong to the 
so-called semi-relative cohomology, cannot be written as products of the holomorphic and 
anti-holomorphic states. The complete list of e > — 1 semi-relative cohomologies is ^^ 

G = : Oj^rnOj^rn' 

G = l: Y+^Oj,^>, Oj^mYX^,, {a + a)- {Oj^mOj^m') 
G = 2: YJ^JX^,. {a + a)- (r+^Oj,^,), (a + a) ■ {Oj^^y\^,) 
G = 3: (a + a)-(y+^F+^,)- (2-18) 

The corresponding dual states with e < — 1 are ^^ 

G = 2 : Yj.^Y j.^, 

G = ^: Yj^JPj^m' , Vj,^Yl^, Aa + a)- {Y^^'^^, ) 

G = A: Vj,mVj,^>, (a + a)- {YyJPj,^>), (a + a)- (Pj.^FJ^^,) 

^ = 5: {a + a)-{Vj,^Vj,m') . (2.19) 



See Ref. 13 for a detailed discussion of the bo — bo condition. 
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The dual states have ghost number 5 — G because of the necessary factor 6q which we will 
discuss below. They can be interpreted as Batalin-Vilkovisky anti-field vertex operators. '^^ 
The G = 1 vertex operators are of utmost importance because they give rise to the 
currents that generate the infinite symmetry. In the next section we will use these currents 
to calculate certain correlation functions through the Ward identities. We will make use 
only of those G = 1 operators that can be factorized into a product of chiral parts. The 
other operators, (a + a)- {Oj^rnOj^rn')^ which are not annihilated by bo, do not appear to 
produce interesting symmetries. ' 

3. Discrete states and Ward identities in 2-d closed string theory 

In this section we will consider the uncompactified 2-d closed string theory, making exten- 
sive use of the symmetries generated by the G = 1 operators 

>t-W^^.-(^) = ciz)Wj,^{z,z), (3.1) 

where 

Wj,^iz,z) = <I^+^,^^iz)Oj,m{z) . (3.2) 

We will write the bulk correlation functions of tachyons on a sphere, ™ 

(^.r--^.t)' (3-3) 

in two different ways. 
In the path integral formalism, 

(^.r--^.t) = K^+^)K^^)JTt---JTl_XM (3.4) 

where /T±'^=^'/rf2yT±(y,y). 
In the operator formalism," 

+ permutations (3-5) 

' Those operators that cannot be factorized into a product of chiral parts play a rather special 
role in the theory. Although they appear in the Ward identities, they seem to be unnecessary 
in the on-shell formulation of the theory because they correspond to auxiliary fields. ^^'^^ 
Nevertheless, they are clearly important in the B-V formulation. 

™ Correlation functions involving the discrete vertex operators were considered in Refs. 13, 33, 
34, 35, 36, 37, 38, 39. 

° See for example Refs. 40, 41 and references therein. 
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where I y^"!^) = limz^oV^{z)\0), {V^\ = limz^oo{0\V^^{z). The propagator, including 
the ghost contribution, is 



A = -T^^7^^L,.Lo (3.6) 



where 6q = 6o ± ^o, and the Virasoro generators include the ghost pieces. 11^^^ i^ is the 
projector onto states that satisfy Lq = Lq. 

In the following we will focus on the tachyon correlators of type (A^, 1) and (1, A^), 
which are the only ones that do not vanish for generic momenta. As we have seen in §2.2, 
these correlators are given by the multiple integrals 

Aa.,i(/ci,...,M = {VI,{oo)V,X{1)Jt+...Jt+^_^V+J0)) 



i4s ■ ■ 



I i i<j 



TX 



N-2 ^ 



n ^feSf p-7) 



(N -2)\ J-i r(2fc,) 

where /, i and j run from 2 to A^ — 1, and Sij = kikj — e^ e^ = —l + ki + kj . The integrals of 
Eq. (3.7) are generalizations of the integrals calculated in Ref. 42 by contour deformation 
techniques. We will find that the integrals (3.7) can be calculated via simple recursion 
relations which follow from the Woo Ward identities. This is a mathematical result which 
does not seem to be well known. To accomplish this, we first need to review the systematic 
construction of conserved currents and charges from the discrete states. ^^ 



3.1 BRST CONSERVED CURRENTS AND CHARGES 

In two dimensions a conserved current is a pair {J^, Jz) such that the one form 

O^^) = J^dz - J^dz (3.8) 

is closed, dVL^^^ = = dJz +dJz- The associated conserved charge is ^ = ^ fl^^\ Actually, 
we may demand that a less stringent condition is fulfilled. In BRST quantization it is 
sufficient to require that 

rfO(i) = {Qbrst,^^^^} or dJz+dJz = -{QBRST,nfh (3.9) 
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where fl^'^^ = fl\.J dz A dz. Then A= ^ 0*^^^ is conserved up to BRST trivial (pure gauge) 
operators. 

The condition that A be BRST invariant, {Qbrst^A} = 0, imphes that there exists 
a zero form 0^°) such that dU^^^ = {Qbrst.^'^^^- Moreover, {Qbrst.^^^^ = holds. 

Thus, the existence of a conserved charge implies the descent equations 

= {QBi?5T,fi^°)} 

rfO(i) = {QBi?5T,0(2)}. (3.10) 

If we have found a G = 1 BRST invariant operator O*^'^-', these equations allow us to 
calculate the corresponding G = current fl^^\ Taking 

^Tmi^rz) = C{Z)WJ,^{Z,Z) , (3.11) 



the associated charges are found to be 
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-—Wj^^{z,z) - (p -—c{z)-^j+i^^{z)Xj^^{z), (3.12) 

ZiTi J Zin 

where X j^rn{z) = b-iOj^rn{z). From Eqs. (2.7) and (2.11), the algebra of the charges is 

[^Ji.mi^Ja.ma] = 2 (( Ji + l)m2 - ( J2 + 1)toi)^j, + J2,Tni+m2 • (3.13) 

Thus, the 2-d closed string has infinite symmetry isomorphic to the area-preserving dif- 
feomorphism. Note that in the symmetry currents the usual chiral discrete states are 
sandwiched with the ground ring operators in such a way that the left and right momenta 
balance, producing a local quantum field. Thus, the presence of both types of operators is 
crucial to the demonstration of the infinite symmetry. 

We may now consider the action of the charge Aj^rn on n tachyons. ^^'^"^ Just from 
kinematical considerations, we conclude ^^ that the charge Am+n-i,m annihilates / T~^ 
tachyons of generic momenta, for I < n. The first non-trivial action of this charge is on n 
T~^ tachyons, producing only one T"*" tachyon: ^^ 

Am+n-i,mV+iO)jT+...jTl = F„,^(fci, ■ ■ ■ , M ^+(0) (3.14) 

where /c = X] ^j + "^- A similar formula holds for A-m+n-i,m acting on T~ tachyons. 
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The situation is more complex if one or more tachyons carry one of the discrete 
momenta. For example, let us consider the action of the charges Am+n-i,m on vertex 
operators V^,2j with s positive integers. For n = 1 the action is correctly determined 
by Eq. (3.14). However, for n > 1, the charge does not annihilate the vertex operator. 
Instead, it produces a discrete state in the "semi-relative" cohomology. ^"^ We will not 
analyze in detail such action of the charges in this paper. 

In the following we will need the explicit expression of Fn,m{ki, ■ ■ ■ , kn)- To compute 
it, consider first the action of the charge Ai _ i on two T~^ tachyons of generic momenta: 



H-hKlK 



— Wi i(z,z)- J) —c(z)^3 i(z)Xi i(z) 
L^^ 27rz 2.-2^ ' ^ J^2'Ki ^ ' 2'"2^ ' 2-2^ > 

■ V+{0,0) J d^wT+iw,w) (3.15) 

where the contour 7 encloses 0. To get a non-zero result from the action of the holomorphic 
part of the charge, it is necessary that 

W^i,_i(^,^)l^,t(0'0)/^'«'^£(«''^) = ;^2,-i(^i,^2)^,++,^_i(0,0) + ... (3.16) 

The only contributions to the residue come from the region where z and w approach each 
other and 0. The integral for F2 _i (/ci, /C2) was calculated in Ref. 15 using the results of 
Ref. 43 

,, , , , , , , r(l - 2A;i) r(l - 2A;2) r(2A;i + 2A;2 - 1) 

Also, in Ref. 13 it was shown that the anti-holomorphic part of the charge gives a contri- 
bution proportional to z^ with s > — 1. This is not singular enough to be relevant and, 
therefore, the anti-holomorphic part of the charge does not contribute in this case. One 
could anticipate this on general grounds because this part of the charge carries (left, right) 
ghost numbers equal to (1,-1). The conservation of these ghost numbers forbids the 
physical tachyon from appearing in the O.P.E. . 

In an analogous way one can compute the action of the charge Am,m on one T^ 
tachyon (see Ref. 15). Using these results and the Woo algebra of charges, in Ref. 15 the 
action of the charge Am+n-i,m on n T"*" tachyons was determined. The final result for Eq. 
(3.14) is 



n 



F^,^{ku ...,k^) = 2n--\nl) k^^^^ n '-^^^^ (3.18) 



r(l-2fc) J--^ r{2ki) 
1=1 
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where k = m + J27=i ^* ^^^ n > 1. A similar formula obviously holds for A-m+n-i,m 
applied to n generic T~ vertex operators. Note that an explicit evaluation of this formula 
would require performing n — 1 integrals, a very difficult task, which is avoided here thanks 
to the algebraic structure of the model. 



3.2 Woo Ward identities 



Perhaps, the simplest statement of the Ward identities ° is through the observation ^^''^^ 
that the theory possesses states that are both pure gauge and identically zero. The vertex 
operator for such a state is 

{Qbrst.cWj,^} = (3.19) 

and formally carries the physical ghost number Ugh = 2. It vanishes identically because 
the zero-picture current cWj^rn is BRST invariant. A special feature of the theory under 
consideration is the presence of an infinite number of such BRST invariant zero-picture 
currents of ghost number 1. In general, linearized closed string gauge invariance assumes 
the form 

5^ = {Qbrst, A} (3.20) 

where the ghost numbers of \1/ and A are 2 and 1 respectively. Therefore, there is an infinite 
number of gauge parameters, A = cWj^rm for which the linearized gauge invariance is 
trivial. In fact, as stated in Refs. 11, 46, the presence of such trivial gauge transformations 
guarantees that there are discrete states of ghost number 2 which cannot be gauged away. 
While at a general momentum there are enough gauge invariances to gauge away all the 
oscillator states, at the discrete momenta carried by cWj^rn some gauge invariances become 
trivial, Eq. (3.19), and there appear physical oscillator states that cannot be gauged away. 
Thus, in a theory with generally continuous momenta, the presence of symmetry charges 
seems intrinsically connected with the presence of discrete states, which are physical only 
at special discrete momenta. In higher-dimensional theories the only known cases of this 
phenomenon occur at zero momentum. Some familar examples are the conservation of 
charge and the associated extra photon state at zero momentum, and the conservation of 
momentum and the extra graviton-dilaton states at zero momentum. 

The Ward identities follow after inserting Eq. (3.19) into correlation functions. ^^^^^ 
As usual, the BRST anti-commutator can be re-written as a sum over the boundaries 



For another approach to the Ward identities see Refs. 44, 45. 
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of the moduli space of a sphere with n punctures where the sphere is pinched into two 
spheres with m and n — m punctures respectively. In the literature on string theory 
these boundaries of moduli space are sometimes referred to as the "canceled propagators" . 
The reason for this terminology is most apparent in the operator formalism. In the 26- 
dimensional string theory, the "canceled propagator argument" is the statement that such 
boundary terms on moduli space typically vanish (at least in the context of an appropriate 
analytic continuation), because the momentum that flows through the pinch is off-shell. In 
the 2-dimensional string theory the situation is very different. As emphasized in Ref. 15, 
there is an inflnite set of special kinematical arrangements where the momentum that flows 
through the pinch is precisely on-shell. When this is the case, the "canceled propagator 
contribution" is non-vanishing and explicitly calculable. The Ward identity is nothing 
but the statement that the sum of all the canceled propagator contributions, which arise 
after the insertion of Eq. (3.19) into a correlation function, vanishes. We emphasize 
that one can search for the non-trivial contributions to the Ward identity simply on the 
basis of studying the kinematics: whenever the momentum that flows through the canceled 
propagator corresponds to an on-shell state, one expects, and usually flnds, a non- vanishing 
contribution. 

Thus the Ward identities for tachyon correlation functions assume the form 

{{Qbrst.cWj,^}V,^^---V,^J = 0. (3.21) 

More explicitly, in the operator formalism we have 

= (y±|{QBi?ST,cW^j,^}(l)AV;±(l)A---Ay±_^(l)|y±) 

-|- permutations . (3.22) 

Having written the Ward identity in this form, we can now apply the "canceled propagator 
argument". In the operator formalism this is simply obtained by explicitly commuting 
Qbrst through each of the propagators A. First observe that 

[Qbrst,^] = n^o,Lo^o = 5^|$.)($i&o (3-23) 

i 

where the sum is over a complete set of states that satisfy (Lq — Ivo)|$i) = 0. Thus, Qbrst 
can literally cancel a propagator, replacing it with an insertion of 6q . The conjugate 
states |$i) and |$*) satisfy (^■'l^j) = 51 (for continuous spectrum the Kroenecker symbol 
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is replaced by the Dirac delta function). Each pair of conjugate states has their ghost 
numbers add up to 6, their momenta k add up to 0, and their energies e add up to —2. 
For instance, the state conjugate to |V^ ) is 

|Vi) = cdccBcT^.mO) . (3.24) 

It is also convenient to define the states |V^ ) = h^ |Vj^ ) which have ghost number 3 
and are annihilated by h^. ^'^^^^ In the Batalin-Vilkovisky quantization ^^ these are to be 
thought of as "anti-tachyons" . ^° 

Now, commuting Qbrst in Eq- (3.22) with the vertices and propagators until it 
annihilates against the vacua, one gets a sum of "canceled propagator contributions". 
Each one has the form 

J2{Vk, \Vk,A . ■ ■ A14J$.) {¥\Vk,^,AcWj,^A • ■ ■ 14„_, \VkJ , (3.25) 

i 

where |$*) = 6q |$*). By ghost number counting, |$j) must have the physical ghost number 
2, and, therefore, |$*) carries ghost number 3. Also, the energy and momentum of |$i) are 
completely determined because the correlation functions obey the sum rules Eq. (2.2). It 
may happen that at this energy and momentum there is no physical state. Then the usual 
"canceled propagator argument" applies and we conclude that Eq. (3.25) vanishes. In this 
theory there is a class of cases, however, where there are physical states contributing to 
the sum over i. Here we will only analyze the situations where the energy and momentum 
that fiow through the "canceled propagator" obey the tachyon dispersion relation. Then 
the sum over i collapses to one non-vanishing term involving the tachyon states. 

Note that Eq. (3.25) can be interpreted as the pinching of a sphere with n punctures 
into two spheres with p and n — p punctures respectively. The amplitude corresponding 
to one of these spheres is perfectly conventional, with each vertex operator carrying ghost 
number 2. The other amplitude is unusual, since the current operator cWj^rn carries ghost 
number 1, while |$*) carries ghost number 3. In the next section we will show that this 
amplitude can be interpreted as a matrix element of the charge operator Aj^m- For the 
correlation functions involving a current we introduce the notation 

{V-kVk, ■ ■ ■ Vk„cWj,^) = J2{y-k\Vk,AcWj,^A ■ ■ ■ Vk„_, \VkJ . (3.26) 

p 

The permutations P involve all the vertex operators, except for V which has to be kept 
as an out-state (in the leftmost position) . Since V and cW are both anti-commuting, this 
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definition guarantees that all the permutations contribute with the same sign. In general, in 
dealing with correlators involving anti-commuting vertex operators, their ordering becomes 
important, and one may have to appeal to the operator formalism in order to construct 
their proper definition. 

Taking into account the sum over all permutations in Eq. (3.22), the final form of the 
Ward identity is ^° 

= $^(V^^,...^^.$)(^V^;,---V^;.cW^j,m) (3.27) 

where the sum is over all possible partitions of the vertex operators V into two sets X and 
C with / and L elements respectively. 

Now, as we remarked earlier, there are cases when the kinematics restricts $ to be on 
the tachyon mass shell. Let us analyze the energy and momentum conservation laws for 
the correlator 

If $ carries momentum P and energy i?, we obtain 

n 

m + P + ^A;, = 

r' (3-29) 

J + £; + ^(-l + A;,) = -2 . 

For the number of particles n = J—m+1, it follows that E = — l+P, which is the dispersion 
relation of a positive chirality tachyon. Remarkably, this applies for arbitrary momenta 
ki, which is a consequence of the two-dimensional kinematics! Therefore, whenever n = 
J — m + 1, Eq. (3.27) receives a contribution from the canceled propagator with $ = Vp, 
$ = V_p. Similarly, if we flip all the chiralities, then the same situation arises for n = 
J + m + 1. It is not hard to see that these two cases are the only non-trivial amplitudes 
of type (3.28) involving tachyons of generic (not discrete) momenta. 

3.3 Correlation functions from the Ward identities 

We will now use the Ward identities of Eq. (3.27) to calculate the correlation functions 
of tachyons explicitly. As an intermediate step, we can use the Woo algebra to calculate 
the "unusual" correlators (3.26). In Ref. 16 they were reduced to the action of charges on 
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tachyons, 

{V+{oc)ciw)Wj,Uw,w)V+iO)jT+...jT+J = (3.30) 

= {Vt\Aj,mV^^{Q)JTl...JTl) 

where the charge operator acts on all the tachyons to its right. From Eq. (3.14) it 
immediately follows that 

{V\V^V+---VlcWm+n-l,m) = F„,^(/Cl, . . . , ^ (3.31) 

where k = m + J27=i ^*' ^^^ Fn^m is given by Eq. (3.18). 

Now we can calculate all the correlation functions A^v,!, given by equation (3.7), from 
the Ward identity 

{{Qbrst, cW-^,^}V+ ■ ■ ■ V+^V:,) = (3.32) 

where A^ > 3, and the kinematics fixes m = 1 — y- Summing over all the non- vanishing 
canceled propagators, we find 

N 

1=1 

+ {VI^V:,cW.m,^){V-V+V+---K-.K) (3-33) 

where p is the set of the first A^ strictly positive integers except for i, and p{j) is the 
i^^ element of the set. The momenta of the intermediate states, r = i^— and k = 



J 



2 



N , sr^N-1 



1 — ^ + Xl7=i ^pO)' have been fixed using the momentum and energy conservation laws. 

Now we use Eq. (3.31), where Fn^m is given by Eq. (3.18), to substitute the explicit 

expressions for the correlators involving the current. Thus, we obtain a linear relation 

expressing the tachyon A^ + 1-point function in terms of the tachyon three-point function, 

[{N-2)l]\N-l)-AN,i{ku...,kN) = (3.34) 

AT 
= 2^-^JV-l,m(^p(l), • • •,^p(Ar-l)) ■ A2,l{k,ki) . 



i=l 



N 



Using the momentum conservation equation 2 Yli=i ^j ~ (-^ ~ l)? ^^^ S^^^ 



AT 



FM-iMKii)^ • • - K{N-i)) = Tv^'-^N - 1)! (1 - 2h) II ^^^^ . (3.35) 



(2fc,) 
1=1 
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The three-point function ^2,1 contains no integrations. Therefore, it is independent of the 
momenta and is normahzed as ^2,1 = 1. Now Eq. (3.34) gives 

N 

[{N - 2)lf{N - 1) • A^,^{h, . . . , M = ^""-HN - 1)! n ^W^ (3-36) 



1=1 



from which we recover the correct answer Eq. (3.7) 



rN-2 



N 



A^,i(^i, ....k^) = ^^3^ n ^W^ • (3-37) 



Conclusions 



The emergence of the t^oo symmetry structure in two-dimensional string theory is an 
interesting result, whose deep reason remains somewhat obscure. It may prove useful 
in elucidating the connection between the conventional path integral techniques and the 
matrix models, where the free fermions miraculously appear and also give rise to Woo 
symmetry. Despite some recent progress, this connection is yet far from complete. In 
particular, we are missing a precise dictionary translating the matrix model objects into 
those of the continuum approach. If such a dictionary is found, it will undoubtedly provide 
us with new insight into closed string theory. 
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